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Advanced Photon Source

For a cubical resonator with a = b = d, we have

1 1 1 1
fior =4 1/(2ps) (fIOI = d= ]
2Jue\ 2 g2

mutjpa _ ap ~1/2
Qrube = - [5=(mit c) ]
cube 3R, 3,8 m

Skin depth of the
surrounding  metallic
walls, where p is the
permeability of the
metallic walls.
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Advanced Photon Source

Air-filled cubical cavity

We consider an air-filled cubical cavity designed to be resonant in TE,;, mode at

10 GHz (free space wavelength A=3cm)with silver-plated surfaces (c=6.14x10’S-
m, u_= . Find the quality factor.

1 1 1 c A
Hor=a J1/(2ue)=a= = =—=2.12cm
ol Ais 101\ 20680 fio1N2 2

At 10GHz, the skin depth for the silver is given by

9 7 77 Y2
O0=|tx10x10" x4nx10 " x6.14x10 ~ (0.642um

and the quality factor is

Q:a; 2.12cm ~11.000
30 3x0.642um
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Observations

Previous example showed that very large quality factors can be achieved with
normal conducting metallic resonant cavities. The Q evaluated for a cubical
cavity is in fact representative of cavities of other simple shapes. Slightly higher
Q values may be possible in resonators with other simple shapes, such as an
elongated cylinder or a sphere, but the Q values are generally on the order of
magnitude of the volume-to-surface ratio divided by the skin depth.

H 2
_ ___ 21l )~ j H~*dv
0= Wg[]‘:wozwm:( )2 v E%Vcaw'ly
Poat - Byan R § w2ds O Scwiy
2
S
Where S_,,;,,is the cavity surface enclosing the cavity volume V., ;..

Although very large Q values are possible in cavity resonators,
disturbances caused by the coupling system (loop or aperture coupling),
surface irregularities, and other perturbations (e.g. dents on the walls) in
practice act to increase losses and reduce Q.
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Observations

Dielectric losses and radiation losses from small holes may be especially important
in reducing Q. The resonant frequency of a cavity may also vary due to the
presence of a coupling connection. It may also vary with changing temperature due
to dimensional variations (as determined by the thermal expansion coefficient). In
addition, for an air-filled cavity, if the cavity is not sealed, there are changes in the
resonant frequency because of the varying dielectric constant of air with changing
temperature and humidity.

Additional losses in a cavity occur due to the fact that at microwave frequencies for
which resonant cavities are used most dielectrics have a complex dielectric
constant e=¢"— " . A dielectric material with complex permittivity draws an
effective current [JIERENERE, leading to losses that occur effectively due to B [z

The power dissipated in the dielectric filling is
1 * 1 " *
Pdiclectric = EJ‘E Serdv = EJ.E -0e L dv

vV vV
2
n ea pbh pd
_ 2o E,| dydydz
2 JodoJdo !t
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Advanced Photon Source

Dielectric Losses

Using the expression for E, for the TE,(, mode, we have

g uH 02 abd | a*
F dielectric = — Qo 2
€ 8 d

+1

1/ /
W €

Py € W = 2W,, = % j \Ey\zdv
V

Qg = o,

The total quality factor due to o &" 2
dielectric losses is and  Piojoctric :OT J. ‘ Ey‘ dv
Vv
| | |
= +
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Advanced Photon Source

Teflon-filled cavity

We found that an air-filled cubical shape cavity resonating at 10 GHz has a Q, of
11,000, for silver-plated walls. Now consider a Teflon-filled cavity, with = €,(2.05-
j0.0006). Find the total quality factor Q of this cavity.

f [f. ] - 1 2 C — 2 C
o — 1 1 — — ' — i — [}
Wla=d =5 Jue'\ 2 a\J21 €, V2£,.[€,
w=1 for Teflon. This shows that the the cavity is . /g'r smaller, or a=b=d=1.48
cm. Thus we have a
Q,. = % ~ 7684

Or S'f times lower than that of the air-filled cavity. The quality factor Q, due
to the dielectric losses is given by Q.0
d~c

Q = =~ 2365

Qu +

Thus, the presence of the Teflon dielectric substantially reduces the quality factor
of the resonator.
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Advanced Photon Source

Cylindrical Wave Functions

The Helmholtz equation 1n cylindrical Z P
coordinates is \A
2 2 7 y
l@(@\pj 1zaw 5\2;;”{2\'!:0
op\" Op 60> 0z X o

The method of separation of variables gives the solution of the form

2 2
L dpdk 1 d°® 1d°Z > _,

pRdp dp  p’® 09> Z 07
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Advanced Photon Source

Cylindrical Wave Functions

1 62

Z 8%
2

p d pdR 1d®+(]<2—](2)p220

= k2

" 2
R dp dp D 5¢

1 6°d -
=—1
() @(I)z

R dp dp
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Advanced Photon Source

Cylindrical Wave Functions

Define & ;, 2o catioy
2 2 2
ky + k; =k

p d pdR [ 2]R
+ \ & — k = 0

2
d \2|]+H2(D =0
00
d*7
@Zz

2
+ K27 =0
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Advanced Photon Source

Cylindrical Wave Functions

These are harmonic equations. Any solution to the harmonic
equation we call harmonic functions and here 1s denoted by 4(n¢)
and A(kz). Commonly used cylindrical harmonic functions are:

b, (kpp) ~Jn (]‘pp)’ Ny (kpp)’ H, (kpp)’ H, (]‘pp)

Where J 1 (prp ) is the Bessel function of the first kind, Va (]‘pp)

Is the Bessel function of the second kind, A (1)(]( p) is the Hankel

n \%p
function of the first kind, and H 512)(ka) 1s the Hankel function of
the second kind.
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Advanced Photon Source

» Any two of these are linearly independent.

Cylindrical Wave Functions

A constant times a harmonic function is still a harmonic function

i Sum of harmonic functions is still a harmonic function

We can write the solution as :

\V]{p,n,kz — BH (kpp)b(n(l))b(kzz)
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Advanced Photon Source

Bessel functions of 1%t kind
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Advanced Photon Source

Bessel functions of 2™ kind
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Bessel functions

The .J, (kpp ) are nonsingular at p=0. Therefore, if a field is finite at
p=0, b (kpp ) must be ./, (kpp ) and the wave functions are

Wik, = nlkop /et

The H 22 )(kpp) are the only solutions which vanish for

large p. They represent outward-traveling waves if k | 1s
real. Thus B (]{pp) must be A 512)(1(pp) if there are

no sources at p—oo. The wave functions are

= H Dk ple/™e/”
\V]{ 1,k 1 pp
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Advanced Photon Source

Bessel functions

]H(]{pp) ana logous ¢o  COS Kp
Nn(kpp) andl ogoas o SIN Kp

HI(})(]{pp) anale gous o ¢~ P

Hl(jz)(]{pp) analog ous o e_ﬂ{p
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.
Bessel functions

The J, (kpp) and Vg (]‘pp ) functions represent cylindrical
standing waves for real k as do the sinusoidal functions. The

H,(]l)(kpp)and H 572)(]{pp) functions represent traveling waves for

real k as do the exponential functions. When k 1s imaginary (k = -
jouit 1s conventional to use the modified Bessel functions:

1,(op)= 7" ,(= sop)
K(ap) =2 (=) 117 ap)

I,(0p)  anategeus to ¢*P

K, (OLp) analegous to €
RF and Microwave Physics Fall 2002 - AN Lecture 8/17



Circular Cavity Resonators

As in the case of rectangular cavities, a circular cavity resonator can be
constructed by closing a section of a circular wave guide at both ends with
conducting walls.

z
d
The resonator mode in an actual case depends on I
the way the cavity is excited and the application >
for which it is used. Here we consider TE,,;mode,
which has particularly high Q.
X
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Circular Cavity Resonators

(Sinm
A e
a J|cosmd d

whoe m=0123,...m=123,...0=0123,...

’ sinm
ity =, S T )
a J|cos mg d

whoe m=0123,..1=123,...0=123,...
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Advanced Photon Source

The separation constant equation becomes

Circular Cavity Resonators

X mn 2 N qr 2 B ]{2 For the TM and TE modes,
p J ) respectively. Setting & = 2n/\/ue ,

we can solve for the resonant

(ijn jz N (qnjz _ kz frequencies
a d
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Advanced Photon Source

i

I mngq

Circular Cavity Resonators

for the circular cavity of radius a and length d

i

L jo min ant

d/a TMOIO TE111 TMIIO TMOII TEZII T1\/1111 TEIIZ TMZIO TMOZO
TEO]]

0.00 | 1.00 00 1.59 00 00 00 o0 2.13 2.29
.50 1.00 2.72 1.59 |[2.80 290 |3.06 527 |2.13 2.29
1.00 |1.00 1.50 1.59 1.63 1.80 |2.05 272 | 2.13 2.29
2.00 | 1.00 1.00 1.59 1.19 1.42 1.72 1.50 |2.13 2.29
3.00 | 1.13 1.00 1.80 1.24 1.52 1.87 1.32 | 241 2.60
400 |1.20 1.00 1.91 1.27 1.57 1.96 1.20 |2.56 3.00
00 1.31 1.00 |2.08 1.31 1.66 |2.08 1.00 |2.78 3.00
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Circular Cavity Resonators

= W N -

= W N -

Ordered zeros X, of J (X)
0 1 2 3 4 S

2405 3.832 5.136 6380 7.588 8.771
5,520 7.016 8.417 9.761 11.065 12.339
8.654 10.173 11.620 13.01 14.372

11.792 13.324 14.796 S

Ordered zeros X ., J (X)
0 1 2 3 4 S

3.832 1.841 3.054 4.201 5317 6.416
7.016 S5.331 6.706 8.015 9.282  10.520
10.173 8.536 9.969 11.346 12.682 13.987
13.324 11.706 13.170
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Circular Cavity Resonators

Cylindrical cavities are often used for microwave frequency meters. The cavity is
constructed with movable top wall to allow mechanical tuning of the resonant
frequency, and the cavity is loosely coupled to a wave guide with a small aperture.

The transverse electric fields (E , E ) of the TE,, or TM,,, circular wave guide mode
can be written as

£ (p6,2)=E(pg)[A%e P 4 AcPor]

The propagation constant of the TE . mode is

an — \/Kz — (XQHHJZ

While the propagation constant of the TM__ mode is

an — \/Kz — (anjz

RF and Microwave Physics Fall 2002 - AN Lecture 8/23




Circular Cavity Resonators

Now in order to have E, =0 at z=0, d, we must have A*= -A-, and A*sin £,,,d=0 or

B..d =lx, for 1=0,1,2,3,..., which implies that the wave guide must be an integer

number of half-guide wavelengths long. Thus, the resonant frequency of the TE,
mode is

N 2
C X qn

f — 11111 _I_

2w e, ( a ) (a’)

And for TM__. mode is

nml

2 2
c X qm

[ = o

2w e, ( a j (a’j
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Circular Cavity Resonators

Then the dominant TE mode is the TE,;, mode, while the dominant TM mode is the
TM,,, mode. The fields of the TE, mode can be written as

nml

H_ = HO]H(anijOS md sin QZZ

a
H /
H :Ba’ 2 ]I'Y(Xm”p)cosmgocosw
X, a d
2 ’
— H
ch = be 1112 - JH(X’””pjsmmgocoqu
(X;HH) p a d
. 2 ’
H
Ep _ /N4 HZ - ]H(X”’”pjsmm(psmqnz
(X7 )P a
H /
E, = ﬂmfl ]H(X’mpjcos mgosinﬂ
X d Iq/lvl/ii MHO =—2JA+

EZ =0 RF and Microwave Physics Fall 2002 - AN Lecture 8/25



Advanced Photon Source

stored energy is

Circular Cavity Resonators

Since the time-average stored electric and magnetic energies are equal, the total

T (82
e N (R A2

SKZ T]zazﬂsdﬂz J‘

81{21125147th

_ J'Z(X'

87 )

min

111

d

J+

2 , N
e Ji(ij pcp
an da
Ji(x)
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Circular Cavity Resonators

The power loss in the conducting walls is

:}ESLHfzdSZRS{fOE;M —a‘ +H (p ]gaq)dz
*4 M :O)2+H¢(Z=0)2100ba¢}

) 2\? >\
et 2, 0 1+£ . d’”} +[B ,‘lj(l— B j
XUIH (X :IIII)

'

2 2 (X:I]I))z
_ : 2
[ m
O oW (Ka)3n3d (X;nnj

“ a4y Pr [T 2 2 ‘

Lo A )" Rs ad Bam Baz m?
T |1+ S| 1T S 1— > |

2 (X;nn) Ymn (X;nn)
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Circular Cavity Resonators

To compute the Q due to dielectric loss, we must compute the power dissipated in
the dielectric. Thus,

1 " 2 >
Py =5LJ-E*dv=% VUEP\ +|Ey| }a’v

n 2.2 2.2 , 2 , ,
_WgK M a H; Tch‘d ( tma j ]%(X,,mpj+];72(xmnpj Sl

4(X ,mn )2 p=0( \ X mnP d a
COS”K2T|2&4H02 . 2 S
- ) 1= ' Jn (X mn )
8(X mn ) L Xmn |

oW e 1

P, € tand

Where fan O is the loss tangent of the dielectric. This is the same as the result
of Q, for the rectangular cavity.

Qy
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Cavity wave guide mode patterns

(e) TEo,
& ———>

Lecture 8/29
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Cylindrical Cavity mode patterns

(a) T™M 010 maode

(b) TM110 mode
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Circular TE,;, mode

H, :HOJO(3.832ijin(nzj
a d

NOTE : J(hp)=~J:(hp)
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Circular TE,;, mode

PThe electric field lines form closed
circular loops centered around the cylinder
axis.

PThe electric field lines are threaded with
closed loops of magnetic filed lines 1n the
radial planes.

®No surface charges appear on any of the
cavity walls, since the normal electric field
1S zero everywhere on the walls

PHowever surface currents J; = 1xH do
flow 1n the walls due to tangential
magnetic fields.
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Circular TE,;, mode

® On the curved surface of the cylinder we have J  due to H, given

by , ,
J. =H.,J. (3.832)sm(”‘j ~—0.403H. Sin(“‘j at r=a
e d d

P On the flat end surfaces we have J  due to H, given by

7. :inaHo ]1(3.8321”) ot 0 and e
. a

P [t is interesting to note that the surface currents are entirely
circumferential. No surface current flows between the flat walls and
the curved walls.

PHence, if one end of the cavity is mounted on micrometers and
moved to change the length of the cavity, the TE,can still be fully
supported, since the current flow 1s not interrupted.

RF and Microwave Physics Fall 2002 - AN Lecture 8/33



Circular TE,;, mode

PMovable construction of the end faces also suppress other modes,

particularly TM,,,, which has the same resonant frequency but
lower Q.

PThe currents that are required to support TE,,, are interrupted by
the space between the movable ends and the side walls.

PAs in the case of of the rectangular cavity resonator, the resonant
frequency of the TE, ;mode can be found by substituting the
expressions for any one of the field components into the wave

equation.
2 2
o = L (“j +(X01j
011 @ J p
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Circular TE,;, mode

PThe resonant free-space wavelength of the cavity corresponding to
the resonant frequency 1s given by

C 241, €,
}‘011

- 2 2
D)
d Ta

PFor the most general case of Te,,, mode, the resonant free-space
wavelength A, 1s given by

o C 2.1 €,

mnp £

2 2
mnp ( yo j N ( X T j
d na
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Circular TE,;, mode

PUsing the expression derived for the Q of the circular Te , and
using x,,=3.832, we have

1+0.168(2a/d)*
1+0.168(2a/d)>

BX-band circular cavity: d=2a such that its TE,,, resonates at 10
GHz. What 1s Q?

8 1
7\4011: < z3X10 s = 2 —)3:198 cin

fo11 10x10° Hz \/(1j2 +(3,832j2
2a Ta

1 —7
0= ~6.42x10
Jrhto X‘ : 0.61A
Q= ‘8 ° J1+0.168 ~ 30792/
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Advanced Photon Source

TE |,

Excitation of the TE,,;; mode in a circular cavity via coupling from a
TE,;mode in a rectangular wave guide.
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Advanced Photon Source

Loop or Probe Coupling

For a probe coupler the electric flux arriving on the probe tip
furnishes the current induced by a cavity mode:

I = we SE

where E is the electric field from a mode averaged over probe tip
and S 1s the antenna area. The external Q of this simple coupler
terminated on a resistive load R for a mode with stored energy W

1S 2W
Qext =5 3 2
Roe” S L

In the same way for a loop coupler the magnetic flux going
through the loop furnishes the voltage induced in the loop by a

cavity mode: V= wuSH
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Advanced Photon Source

A WR-1500 rectangular air wave guide has inner dimensions
38.1cm x19.05 cm. Find (a) the cutoff wavelength for the dominant
mode; (b) the phase velocity, guide wavelength and wave
impedance for the dominant mode at a wavelength of 0.8 times the
cutoff wavelength;(c) the modes that will propagate in the wave
guide at a wavelength of 30 cm.

% 2 2ab

min B an]II ; \/(mjz +(Hj2 \/m +H 3
a b

So the cutoff wavelength of the dominant TE,, mode 1s

Problem 1

C

A =2a=76.2cm

10
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Advanced Photon Source

The phase velocity, guide wavelength and the wave impedance can
be calculates as

_ W ® B 1
Y Do _@ ; RV - PRV
Pl
8
v, = i ~5x10°m—s~"
J1-(8)
- 2t 2T _ A
mn an \/(DZMS_(HYTC)z_(HTCjz 1 [Cmn 2
a b | f
0.8x76.2

~1.02 m

Mo = 2
J1-(0.8)
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Advanced Photon Source

N 2auf

. J (fc /T JaaPuer® -1
1| "o [

377
7/ ~
o 1-(0.8)

(c) At A,,=40 cm, only the dominate mode TE,, mode propagates

since the next higher mode TE,, (or TE,) has A_,,= A_,/2 =
38.1 cm <40 cm.

(d) At A,=30 cm, the propagating modes are TE,,, TE,,, and TM,,

air

(Ayg=38.1 cm), TE,;(A.,;=38.1 cm), and TE,, and TM,
_ 2ab
o Va2 + b2
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Problem 2

Design a rectangular cavity resonator that will resonant in the TE,,
mode at 10GHz and resonant in the TM,,, mode at 20 GHz.

Assuming a=2b. The resonant frequencies of the TE,,; and TM, ,
modes are given by

1 sznz n2n2 X p2n2

_|_
2’ h? d?

10
2%10 \/1 + L ~106H,

22 d

10
IR \/1 +i2z20GHz—>az1.677cm

2 32 d
b= % ~0.839cm  from f,o, we find o ~3.354cm
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Dielectric Wave guide

We have shown that it 1s possible to propagate electromagnetic
wave s down a hollow conductor. However, other types of guiding
structures are also possible.

The general requirement for a guide of electromagnetic waves 1s
that there be a flow of energy along the axis of the guiding structure
but not perpendicular to it.

This implies that the electromagnetic fields are appreciable only in
the immediate neighborhood of the guiding structure.

Consider an axisymmetric tube of arbitrary cross section made of
some dielectric material and surrounded by a vacuum. This structure
can serve as a wave guide provided that dielectric constant of the
material is sufficiently large.
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Dielectric Wave guide

The boundary conditions satisfied by the electromagnetic fields are
significantly different to those of a conventional wave guide. The
transverse fields are governed by two equations; one for the region

inside the dielectric, and the other for the vacuum regions.

Inside the dielectric we have

2
Vi +| g

(02

==
C

2
kg

v =0

In the vacuum region we have
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Dielectric Wave guide

Here, y(x, y )™« stands for either E_ or H , g, is the relative

permittivity of the dielectric material, and kg 1S the gulde propagation
constant.

The guide propagation constant must be the same both inside
and outside dielectric in order to satisfy the electromagnetic
boundary conditions at all points on the surface of the tube.

Inside the dielectric the transverse Laplacian must be negative,

so that the constant , 002 ,
]( — 81 —2 — ]{ g
C
1s positive. Outside the cylinder the requirement of no transverse
flow of energy can only be satisfied if the fields fall off

exponentially (instead of oscillating).
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Dielectric Wave guide

= Thus k2 kz__z
C

= The oscillatory solutions (inside) must be matched to the

exponentially solutions (outside). The boundary conditions are the
normal B and D e tangential E and H Qe

continuity of
surface of the tube.

= The boundary conditions are far more complicated than those in
a conventional wave guide. For this reason, the normal modes
cannot usually be classified as either pure TE or TM modes.

= In general, the normal modes possess both electric and magnetic
field components in the transverse plane. However, for the special
case of a cylindrical tube of dielectric material the normal modes
can have either pure TE or pure TM characteristics.
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Dielectric Wave guide

Consider a dielectric cylinder of radius a and dielectric constant
¢,. For the sake of simplicity, let us only search for normal modes
whose electromagnetic fields have no azimuthal variation. We can

write a’2 y
2—+1”—+1”2](52 v=0 (forr<a)
dr®  dr

2
{VA +(81—]{2Hw 0
The general solution to this equation 1s ¢
some linear combination of the Bessel K =g, o’ 2

functions J,(kr) and Y,(k;r). However,

since Y,(kr) is “badly” behaved at the
origin(r=0) the physical solution is \y oc J (](51”)
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Dielectric Wave guide

We can write

d* d
1”2—2+1‘——1*2]([2 v =0
dr dr
This can be rewritten
d*> d
22—2+Z——Z2 v =0 where z=k,r
dz dz

This type of modified Bessel’s equation,whose most
general form 1s

2
) d d 2 2\
EZ a’Z2‘|‘Za’Z—(Z + m )]\V—O
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Dielectric Wave guide

The two linearly independent solutions are denoted / (z) and
K (z). The asymptotic behavior of these solutions at small ‘Z ‘ is

as follows: y ,
eEpY
12" O (m—k=1)l( 1)
K= 2] DS et 0

+(=1)™ mi[w(k+l)+\p(m+k+l ( 2/4)”7

](/ m+]{

k=0
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Dielectric Wave guide

Hence /,,(z) is well behaved in the limit ‘Z‘ — 0, whereas
K.,,(z) is badly behaved. The asymptotic behavior at large || is

e’ 1
1,0)= m(z) |

K (2)= @e-z I 0@ |

Hence,/,,(z) is badly behaved in the limit |z — o0, whereas
K (z) is well behaved.
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Dielectric Wave guide

= The behavior of [ (z) and K(z)

4
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Dielectric Wave guide

Is 1t clear that the physical solution (I.e., the one which
Decays as ‘r‘ —> 00 1S \J oC KO (]{tl”).
The physical solution 1s
v =/, (sz )
for I' < a, and
v=A4K, (ktr )
fer I > a.
k

A 1s an arbitrary constant, and \V( r)el ¢7 stands for
either E, or H..
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Dielectric Wave guide

We can now write

k, oOH
H, =1 i =, EGZ_(D“‘)@EZ,
k; or kg or
k
E = 2 H for r<a
WE, £,

There are analogous set of relationships for for r>a . The
fact that the field components form two groups;(H,,E,), which
depends on H, and (Hy,E,), which depend on E_; means that the
normal modes takes the form of either pure TE modes or pure
TM modes.
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Dielectric Wave guide

For a TM mode (E,=0) we find that

H, =] (kr) H, = AK, (k1)

k K
HI,Z—]'—gjl(]{SI”) Hr:lA—gKl(k[f)
k, K,
Ey=i"8 J (k) Ey=—iA"F K, (k1)

k, k,
for r < a, and for r> a

Ji(2)==T1(2)
K'(z)=-K,(»).
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The boundary conditions require H,,H,, and E, to be continuous
across r = a. Thus, 1t follows that

AK, (k.a)= ], (k.a)

_ AKI (&) _ Ji (1%3).

k, k

S
Eliminating the arbitrary constant A, will yield

Jl(ksfl) n Kl(szl)
ks ]o (ksa) k[ Ko (1{[61)

o2
where ]92 -+ ](SZ = (g, - 1)—2.
c
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Graphical solution of the dispersion relation

| [ {
‘-/A"""’/‘ib ‘ L
; g ]1(1(551)
AL k, J. (k) K
2 -,
\ K, (ka \
K, KO(kta):
l%
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= Since the first root of ] ( Z) occurs at z=2.4048 the condition
condition for the existence of propagating modes can be written

2.4048c¢

4/81 —la

= In other words, the mode frequency must lie above the cutoff

frequency o, for the TE,; mode (here, the 0 corresponds to the
number of nodes 1n the azimuthal direction, and 1 refers to the 15

root of J,(z)=0.

= The cutoff frequency for the TE,, mode is given by

RF and Microwave Physics Fall 2002 - AN Lecture 8/57



Dielectric Wave guide

At the cutoff frequency for a particular k=0, which implies that

® i 2]
k =—" 2_ 4,2 W
> Ky =k ——
C

The mode propagates along the guide at the velocity of light in
vacuum. Immediately below this cutoff frequency the system no
longer acts as a guide but as an antenna, with energy being radiated
radially. For the frequencies well above the cutoff, k; and k, are of
the same order of magnitude, and are large compared to k.. This
implies that the fields do not extend appreciably outside the
dielectric cylinder.
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For the TM mode (H,=0) we find that

E,=AJ (k)

.E_E
Hy=—-i—"
k

k
L = —J'k—gjl (]{Sr)

r

fl(ksf)

S

for r<a

E, =AK (k.r)
MWE,
kt

k
E = mflq (k. r)

[

Hy=1A Kl(ktf)

for r>a
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= The boundary conditions require E,, Hy, and D, to be continuous
across r = a. Thus, 1t follows that

AK, (k,a)= ], (k.a)

_ AKI (k,a) ¢, Ji (]%3).

k, k

S
= Again, eliminating constant A between the two equations gives

the dispersion relation
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It 1s clear from this dispersion relation that the cutoff frequency
For the TM,,, mode is exactly the same as that for the TE, mode.

It 1s also clear that 1n the limit €; >> 1 the propagation constants

are determined by the roots of J;(k.a) ~ (. However, this is exactly
The same as the determining equation for TE modes in a metallic
Wave guide of circular cross section (filled with dielectric of relative
Permittivity g,).

Modes with azimuthal dependence (i.e., m > 0) have longitudinal

Components of both E and H. This makes the math somewhat more
Complicated. However, the basic results are the same as for m=0
Modes: for frequencies well above the cutoff frequency the modes
are localized in the immediate vicinity of the cylinder.
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